The reciprocal of a Liouville number is again a Liouville number, and therefore we obtain immediately the following proposition .
COROLLARY . Each real number other than 0 is the solution of a linear equation whose coefficients are Liouville numbers .
Proof of the theorem . Since the theorem is trivial for rational t, we assume that t is irrational . We also assume, without loss of generality, that 0 < t < 1 . Let and write where, for n! < k < (n + 1) !,
Received October 23, 1961 . To prove the other half, we assume, again without loss of generality, that t > 1, and we choose a representation of t of the form 59 (n = 1, 3, 5, . . .) , (n = 2, 4, 6, . . .) .
P . ERDÖS Let m, be arbitrary . Once m1, m2, -, m2 r-1 have been chosen, we can make the differences u -u r and v -y r as small as we like by choosing first m2 r , and thereafter m2r+1, sufficiently large . Since u r and y r are rational and have denominators that are independent of m2 r and m2r+1, respectively, we can choose the sequence { m r } in such a way that u and v are Liouville numbers . This completes the proof.
The following proof is not constructive, but it may be of interest because of its generality . The set L of Liouville numbers, being a dense set of type Gb, is residual (in other words, it is the complement of a set of first category) . Let A and B be any two residual sets of real numbers . For each real number t, the set Bt of numbers t -b (b e B) is also residual, and therefore it contains a point x of A. Let y = t -x . Then y e B, and since t = x + y, we have shown that each real number is the sum of a number in A and a number in B . We now obtain the first part of our theorem by choosing A = B = L . The second part can be proved similarly, under the hypothesis that t # 0 .
